The frac tional cal cu lus [1-5] is pow er ful tool for solv ing non-lin ear equa tion with com plex bound ary con di tions and al low ing, for in stance, sur face flux and tem per a ture to be known with out de vel op ment of the en tire tem per a ture pro file in depth of the heated me dium. The com mon method for solv ing frac tional-or der equa tions are purely math e mat i cal, even tough they are ap prox i mate in na ture, among them: in terms of Mittag-Leffler func tion [6] , similarity so lu tions [7] , Green's func tion [8, 9] , op er a tional cal cu lus [10] , nu mer i cal meth ods [11] , variational it er a tion method [12, 13] , and dif fer en tial trans for ma tions [14, 15] . The present work re fers to a well es tab lished method of in te gral so lu tion com monly known as heat-balance in te gral [16] . The core of the model is the as sump tion of the ther mal pen e tra tion layer propa gat ing with a fi nite ve loc ity. Be yond the front of this layer the me dium is un dis turbed. This 
In tro duc tion
The frac tional cal cu lus [1] [2] [3] [4] [5] is pow er ful tool for solv ing non-lin ear equa tion with com plex bound ary con di tions and al low ing, for in stance, sur face flux and tem per a ture to be known with out de vel op ment of the en tire tem per a ture pro file in depth of the heated me dium. The com mon method for solv ing frac tional-or der equa tions are purely math e mat i cal, even tough they are ap prox i mate in na ture, among them: in terms of Mittag-Leffler func tion [6] , similarity so lu tions [7] , Green's func tion [8, 9] , op er a tional cal cu lus [10] , nu mer i cal meth ods [11] , variational it er a tion method [12, 13] , and dif fer en tial trans for ma tions [14, 15] . The present work re fers to a well es tab lished method of in te gral so lu tion com monly known as heat-balance in te gral [16] . The core of the model is the as sump tion of the ther mal pen e tra tion layer propa gat ing with a fi nite ve loc ity. Be yond the front of this layer the me dium is un dis turbed. This idea of Good man [17] , in fact, cor rects the phys i cal in cor rect ness of the par a bolic heat-equa tion where the speed of the flux is in fi nite.
The heat-bal ance in te gral method (HBIM), even its 50 years his tory, is still use ful and al lows many com pli cated prob lems to be solved [18] [19] [20] [21] [22] . The prob lems in the HBIM so lu tions are well known and may be for mu lates in some points, among them: -Arbitrary of the approximate profile that is the general drawback of the classical approach conceived by Goodman [16, 17] . This disadvantage could be avoided by using methods optimizing the profile through double integrations [23] [24] [25] [26] , i. e. the so-called, refined integral method (RIM) [26] or by imposing thermodynamic constraints [27] and use of additional conditions derived through existing exact solutions [27] [28] [29] fractional calculus [30] . -The effect of the flux defined by the unknown profile in the right-hand side of the heat-balance integral that commonly is avoided by double integration, i. e. the RIM method [26] . The pres ent ar ti cle ad dress a heat-bal ance in te gral so lu tion of the frac tional half-time model:
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Pre lim i nar ies
Equa tion (1) is sec ond or der in space and first or der in time, while eq. (2) is first or der in space and half or der in time. Equa tion (1) is ex act for pla nar ge om e try and a short-time approx i ma tion in its gen eral form [ref.
[2], p. 200] for cy lin dri cal and spher i cal ge om e tries [2] .
Equa tion (1) is equiv a lent to the ba sic dif fu sion eq. (1) [2] and al lows the heat flux and the tem per a ture at the bound ary to be de ter mined as it was dem on strated by Agrawal [30, 31] , namely: ¢¢ = -q t C t In ac cor dance with the Riemann-Liouville (RL) def i ni tions [1-4] the semi-de riv a tives of T(x, t) with re spect to the space co or di nate and the time are de fined as: 
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So lu tions of (1) and (2) de scrib ing the en tire tem per a ture dis tri bu tion in a semi-in fi nite me dium have been de vel oped ei ther nu mer i cally, by se ries [5] or other meth ods as men tioned above. Now, we will dem on strate how the HBIM [16, 17] em ploy ing a par a bolic pro file with un spec i fied ex po nent [26] [27] [28] works. The idea is ex plained next.
To be pre cise, eq. (1) is the so-called Dirac's equa tion [34] :
is the Dirac's delta func tion. The fun da men tal so lu tion of (5a,b,c ) is [30, 31] :
That to some ex tend ap proaches the well-know ex act so lu tion of eq. (2) -see Ap pendix E for more de tails.
In term of Caputo de riv a tives, the ini tial value prob lem is [34] :
with a gen eral so lu tion: where G(k) is the Fou rier trans form of the ini tial con di tion g(x) and E m,b (z) is the bi-para met ric Mittag-Leffler spe cial func tion [1] . This is a lo cal ized so lu tion be cause lim ( , )
, the fun da men tal so lu tion turns out to eq. (5d).
Aim
The ar ti cle ad dresses some ma jor points, among them: (1) Integral-balance approach to the solution of the fractional eq. (1), termed here as fractional heat-balance integral method (FHBIM), following the idea of the classical Goodman's HBIM. (2) Benchmark solutions of two basic cases allowing comparisons to exact solutions and estimations of errors.
Prob lem state ment -HBIM ap proach

HBIM approach
The HBIM ap proach to the frac tional equa tions will be dem on strated through so lu tion of the sub-model (1) by two clas si cal ex am ples con cern ing spec i fied tem per a ture and de fined ther mal flux at the bound ary x = 0, re spec tively. How ever, the idea will be briefly ex plained in gen eral.
Let us sug gest that the heat prop a gate up to a depth into the me dium and fur ther the tem per a ture field is be ing un dis turbed. At the bound aries of the ther mal layer the clas si cal condi tions hold, namely:
Be sides, the ther mal pen e tra tion depth d(t) holds the ini tial con di tion:
In ac cor dance with the Good man con cept, at any time t, the fol low ing en ergy bal ance should be sat is fied:
that yields:
To some ex tent, look ing at the RHS of eq. (7b) the re sult is equiv a lent to that pro vided by the dou ble in te gra tion ap proach in so lu tion of the clas si cal HBIM [23, 24 ] , and the tech nique used by RIM [24] [25] [26] .
Next, let us sug gest that the tem per a ture dis tri bu tion across the ther mal layer is ap prox i mated by an ap prox i mate func tion T a (x) de pend ing only of the space co-or di nate x within 0 < x < d(t). The ap pli ca tion of the bound ary con di tions (6a,b,c) yields a pro file expressed as a func tion of x and co ef fi cients de pend ing on d(t). Now, let us re place in eq. (7) T(x, t) by the ap prox i mat ing func tion T a (x, d), namely:
Now, the main prob lem is the eval u a tion of the frac tional heat-bal ance in te gral (9b) through par tic u lar ex pres sion of T a (x, d) and the def i ni tion of the half-time de riv a tive (4b). The in te gral (9a) is termed here af ter -Half-time heat-bal ance in te gral (HT-HBI).
Some pre lim i nary thoughts
Be fore start ing with so lu tions, we have to com ment that from math e mat i cal point of view the ap prox i mate func tion used by the HBIM only sat is fies the heat-bal ance in te gral but not the orig i nal equa tion [30] . That's cor rect, but we have to re mem ber that HBIM stands to rea son be cause three main is sues stay be hind it, among them: (1) The starting eq. (2) is physically incorrect since it leads to infinite propagation of the flux across the layer. The Goodman approach corrects this by introduction of the thermal layer concept that physically makes the problem solution close by that provided by the correct hyperbolic equation. Briefly, the front movement existing in both the hyperbolic equation solution and the real processes is not an outcome of the Fourier's parabolic equation. (2) The integration over the space coordinate means physical an energy balance over the thermal layer (only within it there is a heat transfer) at a given time t. (3) The choice of the approximating function is a matter of argument and it is affected by the type of boundary conditions at x = 0 [28, 29] . However, we have to remember, that at a small increment of the time t we have almost stationary heat transfer bounded by 0 < x < d and almost all known approximations used in HBIM (see the comprehensive analysis in [29] ) quite well approach the static temperature profile. Hence, we with the integration over the space co-ordinate (the heat balance integral) we, practically, froze the time and show that temperature profile expands along x as the thermal depth grows with time. All this profiles are similar and satisfy the energy balance of the solid. This mechanistic explanation quite well gives details of the physics of the phenomena modeled by (1) and (2). Moreover, the fractional diffusion equation referring sub-diffusion problems [34] the heat (mass) propagation (diffusion) is so slow that the concept of the penetration layer becomes essential in view of the fact that it really exists [35, 36] . There fore, there is chal lenge to test how the HBIM works with a frac tional time de riva tive and what is the tech nol ogy of such a so lu tion. Fur ther more, what is the out come as a profile and pre dicted sur face tem per a ture/flux with re spect to the so lu tion pro vided by the ba sic model (2)? This is a good op tion to per form a HBIM so lu tion of a frac tional equa tion prior to ap ply the same tech nol ogy to the frac tional heat-wave equa tion. Last but not least, the brows ing of the lit er a ture and avail able so lu tions of frac tional dif fu sion equa tions re veals that this is, in fact, the first at tempt to ap ply the HBIM meth od ol ogy to this branch of mod els. Many an swers to the ques tions and ideas raised are pro vided by the next bench mark so lu tions.
Bench mark ex er cises and anal y ses
Two ba sic ex am ples with sim plest bound ary con di tions at the me dium from sur face are solved by the method sug gested that al lows wide area for com par i son of the re sults de veloped to those pro vided by ei ther ap prox i mate or ex act so lu tion of the ba sic model (2). The program of the benchmarks so lu tion is it fol lows: -definition of the approximate profile, -fractional heat-balance integral, -thermal penetration depth, and -calibration of the exponent of the approximate profile.
Ap prox i mate tem per a ture pro file
Sev eral cases will be ex em pli fied by ex press ing T a (x, d) as a par a bolic pro file with unspec i fied ex po nent [26] [27] [28] and var i ous bound ary con di tions at x = 0 
as will be dem on strated fur ther in this work. Any an other ap prox i mate pro file such as poly no mial [16, 19, 29] or ex po nen tial [39, 40] can be used, but the par a bolic one (10a,b) al lows to dem on strate two ba sic is sues of the method de vel oped in this work : -how the fractional defined boundary conditions at x = 0 allows to calibrate the profile exponent, and -to demonstrate in an explicit manner the evaluation of the fractional heat-balance integral.
Ex am ple 1. Fixed tem per a ture at x = 0
This clas si cal prob lem al lows to com pare the ex act so lu tion of eq. (2), its HBIM so lution and that of the sub-model eq. (1) through the FHBIM. Ap ply ing the bound ary con di tions (6a,b,c) to eq. (10) we get:
, ,
The ex po nent is still un spec i fied and its ex act value will be dis cussed fur ther in this work.
Ex am ple 2. Spec i fied flux at x = 0, q''(0, t) = q 0
Let the ap prox i mate pro file (10) sat is fies the fol low ing bound ary and ini tial con di tions within the ther mal layer 0 < x < d, namely:
and
with the con di tions (25a,b,c) the co ef fi cients of the ap prox i mate pro files are [27] :
Hence,
In dimensionless forms as: The next step is the eval u a tion of the time semi-de riv a tive (4b) with sub sti tu tion of T(x, t) by T a (x, t) as it is done in the next sec tion.
Frac tional heat-bal ance in te gral
This sec tion ad dresses the in te gra tion of eq. (9b) con tain ing a half-time de riv a tive (RL) over the ther mal pen e tra tion layer, namely:
with
. The sub sti tu tion of eq. (17b) into eq. (9b) yields:
De not ing:
we get
Ap ply ing the Leibniz rule to eq. (18c) we have:
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Let de note:
where
If the ex act pro file T(x, t) is re placed by the ap prox i mate one T a (x, t), then the F(x, t) de fined by eq. (18b) is ap prox i mated as:
Hence, we get a way to find the equa tion de fin ing the time evo lu tion of the ther mal pen e tra tion depth d(t).
FHBI to Ex am ple 1
Now, let us de velop the integrals at is sue by re plac ing Hence, the func tion F(x, t) is re placed by F Q-a (x, t) ex pressed as:
Prior to the next step of the in te gra tion, we stress the at ten tion on the fact that at a given time mo ment t, d(t) is a fixed length. The later is quite im por tant in the in te gra tion performed next (see 22b,c). If this state ment seems strange, let us re call that if the length of the slab is L and the pre-heat ing pe riod is over, and then d(t) is re placed by L in the pro file. Now, let us in te grate step-by step, with eq. (21b) us ing as a bench mark the case of pre scribed tem per a ture at x = 0 (Ex am ple 1):
We in te grate in the rect an gle 0 £ x £ d, 0 £ u £ t and the change in the or der of in te gration in eq. (22a) yields: 
that is
FHBI to Ex am ple 2
Fol low ing the tech nol ogy in eval u a tions of the eval u a tions of the frac tional heat-balance in te gral we have: 
Be cause the ap prox i mated func tion is lim ited within the range of in te gra tion, then follow ing the Fubini's the o rem by chang ing the or der if in te gra tion in eq. (26a) we get:
That leads to:
Ther mal pen e tra tion depth
The pen e tra tion depth de pends on the FHBI and the flux at x = 0 upon the bound ary con di tions im posed.
With Ex am ple 1 (pre scribed tem per a ture) we have:
With Ex am ple 2 (pre scribed flux) we have:
The so lu tions of eqs. (27b) and (28b) are:
Pre scribed tem per a ture
Equa tion (27b) evolves to:
with a so lu tion (by Ma ple 7) Pre scribed flux Equa tion (28b) evolves to:
Equa tion (32b) has a so lu tion (by Ma ple 7)
In both cases, eqs. (29a) and (30b), the ini tial con di tions are:
Hence, we have the only rea son able C 1 = 0 and C 2 = 0 that fi nally de fines the ther mal layer depths, namely:
The choice of C 1 = 0 and C 2 = 0 co mes from phys i cal rea sons since eqs. (29a) and (30b) give d ® 4 at t = 0, that is equiv a lent to in fi nite prop a ga tion of the tem per a ture field at the on set of the dif fu sion pro cess.
Cal i bra tion of the ex po nents of the ap prox i mate pro files
In ac cor dance with the re sults de vel oped in the pre vi ous sec tion (eqs. 31a,b) we obtained the fol low ing ap prox i mate pro files: 
With the clas sic Good man method ap plied to eq. (2) the ac cu racy of the ap prox i mated so lu tion de pends on the choice of the ex po nent of the par a bolic pro file, com monly taken as n = 2 or n = 3. How ever, the ar bi trary choice of the ex po nent n raises a ques tion about its re fin ing with re spect to minimization of er rors in the ap prox i mate so lu tion. It was dem on strated in [27, 28] , that when the so lu tion of eq. (2) by the HBIM was de vel oped the cor rect de ter mi na tion of the ex po nent needed one bound ary con di tion more in ad di tion to BC (5a,b,c) im posed by the thermal layer con cept of Good man. More pre cisely, this ad di tional bound ary con di tion means the heat flux to be known when the sur face tem per a ture is spec i fied. With re spect to the so lu tion of (2), this ap proach was de vel oped by ei ther the ex act so lu tion [27, 28] of Carslaw et al. [37] termed here as "ex act so lu tion" of eq. (2) -or by frac tion ally de fined flux and tem per a ture, as pre sented by eqs. (3a,b) . The sec ond ap proach, for ex am ple, al lows the HBIM to be ap plied to quite com plex bound ary con di tions.
With re gard to the so lu tion of eq. (1), un der the con di tions of Ex am ple 1, by the par abolic pro file (10), the ad di tional bound ary con di tion at x = 0 is the sur face flux. This im plies that both so lu tions, the ap prox i mate and the ex act one, have to pro vide equal ther mal fluxes at the bound ary. There fore, the flux at is im me di ately de fined from the half-time de riv a tive of the surface tem per a ture, that is the ex act so lu tion is given by eq . (3a) and with both pro file the fol lowing con di tion has to hold: Hence, ir re spec tive of func tion rep re sent ing the so lu tion, ex act or ap prox i mate, the heat flux has to be equal if we have to obey the pro cess phys ics. Where the fluxes pro vided by both so lu tions are:
Equat ing the bound ary heat fluxes pro vided by both so lu tions we have -T(0, t) = T s = = const.: 
Hence, the ap prox i mate pro file is:
With the pre scribed flux prob lem (Ex am ple 2) , since the flux is de fined at x = 0, the fol low ing con di tion has to hold:
Here T s (0, t) is de fined by eq. (3b), set ting eq.
(1) at x = 0, be cause ( ¶T/ ¶x) x=0 de fines the sur face flux.
Hence 
This equa tion de fines n as:
Brief com ments on FHBI and the so lu tions de vel oped thereof
The gen eral idea was ap plied and ver i fied by two sim ple ex am ples with sim plest boundary con di tions well-known in the lit er a ture. The im prove ment of the method of the HBIM in the cases with the half-time de riv a tive sub-model is that the sur face tem per a ture or the flux can be derived di rectly by eqs. (3a) and (3b) -these out comes of the di rect set ting of eq. (1) at x = 0. This op tion, in fact, al lows clos ing the set of equa tions needed to find all pa ram e ters of the pro file (10) as it was an a lyzed in [28] . The clas si cal Good man method pro vides only 3 con di tions (5a,b,c) that work cor rectly with the pro file (10) -see the dis cus sion in [28] . The de ter mi na tion of the ex po nent n needs an ad di tional con di tion to be im posed on the pro file. These are gen eral com ments, which sum ma rize pre vi ous no tions and re marks but in gen eral with the half-time de riv a tive sub-model the de fi ciency in the bound ary con di tions are not ob vi ous un like the case when the same method and pro file are ap plied to eq. (2) (see [27, 29] ).
To this end it is better to know what are the ex pres sions of d pro vided by the in te gral so lu tion of the sub-model (1), that of the ba sic one (2) as well to com pare re sults pro vided by them to those com ing from ex act so lu tions. As in the clas si cal stud ies on HBIM we com pare the flux and tem per a tures at x = 0 since, in fact, the val ues of the ex po nents were cal i brated at this point. The ex act ness and cor rect ness of this ap proach will be dis cussed fur ther in this work.
A prin ci ple point in the de vel op ment of the frac tional HBI is the in te gra tion de veloped. In Ap pen di ces B and C an al ter na tive ap proach is pro vided, more phys i cal rather than math e mat i cal, giv ing re sults ex actly the same as those de vel oped by eqs. (24b) and (28b). In addi tion, in te gra tions by Ma ple 7 of both ex am ples at is sue is given in Ap pen dix D; giv ing the same re sults as lim its when x ® d(t).
Nu mer i cal tests with the ap prox i mate so lu tions
The fol low ing nu mer i cal ex per i ments test the ac cu racy of the pro files de vel oped by the meth od ol ogy de vel oped in Ex am ple 1 and Ex am ple 2 and cal i bra tion of the ex po nent at x = 0.
These nu mer i cal tests ad dress two ma jor is sues: -prediction of the boundary values (flux or temperature) by approximate profiles, and -prediction the temperature profile across the thermal penetration layer.
Bound ary val ues
Test to Ex am ple 1 -ther mal pen e tra tion depth
With the fixed tem per a ture at x = 0 we have:
Test to Ex am ple 2 -ther mal pen e tra tion depth
With fixed flux at x = 0 the re sults are:
The sub scripts 1 and 2 re fer to the sub-model (1) and the ba sic model (2), re spec tively. The su per scripts T and q de notes the bound ary con di tion at x = 0. The re sults about the HBIM so lu tion the model (2) are taken from [27, 28] .
Ac cu racy of the so lu tion of x = 0 (A) Example 1 (fixed temperature boundary condition) -Prediction of the boundary flux
With the de vel oped pro file we have: 
Hence, the HBIM so lu tion of the sub-model (1) gives a re sult, eq. (42a), which over esti mates the ex act so lu tion, eq. (42c), of the ba sic model. In fact, the ap prox i mate pro file of the sub-model (1) was cal i brated through the frac tional bound ary flux: which is in cor rect since we need n ³ 1. The more cor rect re sult is pro vided by cal i brat ing through the frac tional bound ary flux, i. e. with n = 1 be cause, the re la tion ship (3a) is more general as a so lu tion then the well known ex act one. In this case all the three so lu tions pro vide prac ti cally equal sur face tem per a tures and the dis crep an cies emerg ing in the com par i son of the re sults pro vided by Ex am ple 1 do not ex ist.
Tem per a ture pro files
The tem per a ture pro file es tab lished through the ap prox i mate par a bolic pro file can be ex pressed through the sim i lar ity vari able h = x/(at) 1/2 . This gives a pos si bil ity to com pare the ap prox i mate so lu tion with those as sumed as ex act ones. Hence, as func tions of h we have:
At the same time, the ex act so lu tion of the ba sic prob lem (2), cor re spond ing to Ex ample 1 is:
More over, the HBIM so lu tion of the ba sic problem (2) with the same par a bolic pro file is [27] : Fig ures 1(a,b) show the tem per a ture pro files de vel oped by the ap prox i mate so lu tions together with the ex act so lu tion of the ba sic prob lem (2). The plots clearly in di cate that up to h » 0.5 with n = 1, eq. (45a) all the so lu tions co in cide with neg li gi ble er rors. This up per limit, re veals, that with a ~ 10 -5 W/m 2 K and t ~ 1 s we have x » 5·10 4 m, for ex am ple, that is quite large as dis tance. On other hand, with large-time ap prox i ma tion, with 0 £ h £ 0.5 we have sat is fac tory so lu tions in a short dis tance be yond the point x = 0. The in crease in the range where the in te gral ap proach outcomes will ap proach the ex act so lu tion needs dif fer ent ap proach in de ter mi na tion of the ex po nent n of the ap prox i mate par a bolic pro file. This prob lem will be dis cussed in the next sec tion. 
T x t T T T x t n n
The pro files are shown in fig. 1(d) . The dis crep ancy with re spect to the ex act so lu tion be comes ev i dent with in crease in the value of h. The im prove ment of the pro file will be discussed in the next sec tion con cern ing the global minimization of the er ror of ap prox i mate so lution. Least-square ap proach in de fin ing the op ti mal ex po nent
Pre lim i nar ies
The Lang ford's cri te rion [38] con cern ing the so lu tion of eq. (2) with the clas si cal HBIM is:
If the ap prox i mate pro file is a good enough so lu tion of the clas si cal heat-con duc tion equa tion, then the fol low ing func tion E(t) should reach its min i mum; with the ex act so lu tion we have E(t) = 0. The Lang ford's cri te rion, in fact is a minimization of the er ror of the eq. (2) that does not talk about the op ti mal value of n. In this con text, the Myers' method [26] ap plied to eq. (2) is a straight for ward minimization pro ce dure start ing from eq. (47) and pro vid ing the op ti mal value of the ex po nent of the pro file (10) . Here, we will use the idea of eq. (47) for mu lat ing an error func tion E 1/2 (t) in the form:
The op ti mal n should min i mize E 1/2 (t) and pro vide the de sired ap prox i mate pro file. Hence, by use ap prox i mate pro file in eq. (48a) we have:
The cri te rion is a gen eral con di tion re quir ing the ap prox i mat ing func tion to sat isfy the do main equa tion.
We will dem on strate how this ap proach works with re spect to the op ti mal val ues of the ex po nents lead ing to a global minimization of E 1/2 (t), in both ex am ples an a lyzed here.
Nu mer i cal test
Ex am ple 1
With Ex am ple 1, we have: [30] , the er ror func tion is rep re sented as:
where e n t n n t n n t n 
Since the term a 1/2 /t 1/2 de creases in time, the minimization of E 1/2 (t) T de pends on the sec ond term e n t 
The func tion (51) has a com plex char ac ter but we look for a non-neg a tive value of n ³ 1 through minimization of e n 82. This value of n dif fers from that es tab lished in Ex am ple 1, i. e. n = 1, through cal i bra tion at x = 0. To this end, we have to re call that the differ ences in the val ues of n come from the prin ci ples ap plied to find it: (1) n = 1 was es tab lished in Ex am ple 1 through an op er a tion mak ing equal the bound ary flux pro vided by the ap prox i mate so lu tion to that cal cu lated by the frac tional half-time de riv a tive, with out any in flu ence of the tem per a ture pro file in depth the me dium; (2) n = 1.6745 was es tab lished tak ing into ac count the ap prox i mate tem per a ture pro file and min i miz ing the er ror E 1/2 (t) T , that, in fact, is a more gen eral con di tion. Hence, with the fixed tem per a ture at x = 0 we have to take n = 1.6745 and the pro file be comes -see fig. 1(c) . 
Thus, with n = 1.6745 the sub-model (1) over es ti mates the bound ary heat flux with about 30.2% that is inacceptable. Ob vi ously, if we try to bal ance be tween the ap proach used in Ex am ple 1, pro vid ing ex act val ues of the sur face flux, and the er ror minimization through the Myer's ap proach to the least-squares method, then, the op ti mal value of n is be tween 1 and n = 1.6745. We have to re mem ber, that in Ex am ple 1 only phys i cal as sump tions and cor rect math emat i cal ma nip u la tions were ap plied, while in the Lang ford ap proach and the minimization proce dure thereof we ap ply only math e mat i cal tools no mat ter what stay be hind the math e mat i cal op er a tors. In this, con text, re mem ber that the op ti mal n = 1.6745 was de ter mined by set ting t = 0, that makes the func tion e n 1 2 0 / ( , ) T de pend ent only on n. How ever, this is a math e mat i cal trick only be cause at t = 0 there is no heat dif fu sion in the body, the tem per a ture pro file does not ex ist, and the valid re sults are only those at tached to the sur face x = 0, i. e. the sur face tem per a ture T s and the heat flux de fined by eq. (3a); this di rectly ad dress the ap proach used in Ex am ple 1 and n = 1 as out come. The ap proach with t = 0, ne glects the time-de pend ent terms of the er ror func tion that de crease in time and fo cus the ef forts at the minimization pro ce dure at the "sta tion ary terms" de pend ing on the ex po nent n. Fig ure 1(c) shows plots of all so lu tions to gether with the fun da men tal one ex pressed by eq. (5d). All ap prox i mate pro files match the pro file (5d) within 0 £ h £ 0.5.
Ex am ple 2
With the pro file (27d) tak ing into ac count that The first 3 roots (n 1 = n 2 = n 3 = -1) are un re al is tic. Fur ther, the an a lyt i cal so lu tion performed by the Ma ple's op er a tion "solve" pro vides: n 4 = -3.173828995 -i·4.274839820, n 5 = = -3.173828995 + i·4.274839820, and n 6 = 4.347. Only the last root n 6 = 4.347 is real and non-neg a tive. It is greater than n = 1.447, see eq. 
There fore, the ex po nent as sur ing a min i mum mean-squares er ror -see fig. 1(d) , of the frac tional sub-equa tion un der es ti mates the sur face tem per a ture with about 31% that of the ex act so lu tion.
Brief on the op ti mal pro file
The gen eral les son of the least-square tests in es ti ma tion of the op ti mal ex po nent is: (1) When the surface temperature (flux) has to be defined, then the general approach developed here through calibrating the profile at x = 0, has to be applied. (2) When the temperature profile has to be modeled and the overall error over the entire thermal layer has to be minimized then, the least-squares approach is the additional tool leading to the optimal value of the exponent n. However, this step minimizes the global error but gives inacceptable boundary fluxes and temperatures, as it was demonstrated.
Con clu sions
In this pa per the gen eral frame work of an in te gral so lu tion to a dif fu sion equa tion with half-time frac tional de riv a tive was pre sented. The frac tional sub-model of the clas si cal heat-diffu sion equa tion was es pe cially cho sen be cause both equa tions are equiv a lent in plane ge om e try. The main ap proach in the clas si cal in te gral ap proach (an ap prox i mat ing func tion de pend ent only on the space co-or di nate) gives an ad van tage in eval u a tion of the frac tional half-time de riva tive rep re sented by a con vo lu tion in te gral as it was dem on strated by Ex am ple 1 and Ex am ple 2 . This ap proach sim pli fies the cal cu la tions and, in fact, we eval u ate the con vo lu tion in te gral of the ap prox i mate func tion. The next step in volv ing the in te gra tion over the space co-or di nate is al most the same as in the clas si cal HBIM. The out come of this new step in the ap prox i mate so lution of frac tional equa tions is that it pro vides so lu tions al most the same as those when the ba sic so lu tions are solved. The test eq. (1) was es pe cially cho sen as men tioned above, since it has an in te ger an a logue (2) that al lows eas ily com par ing the re sults and elu ci dat ing the emerg ing problems, among them: · The FHBIM applied to the fractional sub-model provides almost the same expressions about the heat penetration depth and practically equal results about the surface temperature and flux (see the numerical tests (42a,b,c,d) and (44a,b,c,d) as those provided by the HBIM and exact solutions of the integer model (2). · The fractional sub-model provides an artificial boundary condition x = 0 allowing the number of the equations to be equal to the number of the unknown parameters of the parabolic profile. This artificial condition comes immediately after setting both sides of the sub-model at x = 0. This is an advantage, since in the case of the integer model (2) this condition does not exist [26] [27] [28] . · The optimal exponent established through the complete set of boundary conditions of FHBIM, is lower that that derived through minimization of the global mean-square error of the sub-model over the entire penetration depth. This result is not strange since similar problem exist in the HBIM solution of integer model [22, 26, 29] . · The FHBIM uses an elegant technology that has some advantages with respect to the direct determination of the exponent of the profile through the mean-square error minimization. The method gives lowest global error of approximation but the consequent calculations of the surface temperature (or flux) by the exponent provided by it is unacceptably overestimated (or underestimated). The method dem on strated in this work is, in fact, the first at tempt to solve a frac tional equa tion by in te gral method. The HBIM is well-known and widely ap pli ca ble but never tested with frac tional-time dif fu sion equa tion. The tech nol ogy de vel oped in this work al lows de vel oping so lu tions even with more com plex bound ary con di tions then those used in this work; this prob lem is be yond the scope of the pres ent ar ti cle but still un solved.
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Frac tional de riv a tive -def i ni tion and prop er ties
Frac tional cal cu lus is the branch of cal cu lus that gen er al izes the de riv a tive of a function to non-in te ger or der, al low ing cal cu la tions such as de riv ing a func tion to 1/2 or der. De spite "gen er al ized" would be a better op tion, the name "frac tional" is used for de not ing this kind of de riv a tive. The Riemann-Liouville de riv a tive is the most used gen er al iza tion of the de riv a tive. It is based on Cauchy's for mula for cal cu lat ing it er ated integrals: Frac tional de riv a tives sat isfy quite well all the prop er ties that one could ex pect from them, de spite some of them are only char ac ter is tic of in te ger or der dif fer en ti a tion and some other have re stric tions. As sum ing fur ther m = 1/2 for seek of clar ity of the ex pla na tion in the main text we have: 
